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Multi-Objective HypemgraphPartitioning Algorithmsfor Cutand
Maximum SubdomairDegreeMinimization *

Navaratnasothi&ehakkumaran GeogeKarypis

Abstract

In this paperwe presenta family of multi-objectve hypergraphpartitioning algorithmsbasedon the multilevel
paradigmwhich are capableof producingsolutionsin which both the cutandthe maximumsubdomairdegreeare
simultaneouslyninimized. Thistype of partitioningsarecritical for existingandemeging applicationsn VLS| CAD
asthey allow to bothminimize andevenly distribute theinterconnectscrosghe physicaldevices. Our experimental
evaluationon the ISPD98benchmarkshav thatour algorithmsproducesolutionsthatwhencomparedagainstthose
producedby hMETS have amaximumsubdomairdegreethatis reducedby up to 36% while achiezing comparable
quality in termsof cut.

1 Intr oduction

Hypemraphpartitioningis animportantproblemwith extensive applicationsto mary areas,ncluding VLS| design
[5], efficient storageof large databasesn disks[32], informationretrieval [37], anddatamining[12, 20]. The prob-
lemis to partitionthe verticesof a hypergraphnto k equal-sizesubdomainssuchthatthe numberof the hyperedges
connectingrerticesin differentsubdomaingcalledthe cut) is minimized. Theimportanceof theproblemhasattracted
aconsiderablamountof researchnterestandover thelastthirty yearsavarietyof heuristicalgorithmshave beende-
velopedhatoffer differentcost-qualitytrade-ofs. The surey by Alpert andKahng[5] providesa detaileddescription
andcomparisorof varioussuchschemesRecentlya new classof hypergraplpartitioningalgorithmshasbeen deel-
oped[11, 14, 2, 19, 4], thatarebaseduponthe multilevel paradigm.In thesealgorithms,a sequencef successiely
smallerhypegraphds constructed A partitioningof the smallesthypergraphis computed.This partitioningis then
successiely projectedo thenext level finer hypegraph,andat eachlevel an iterative refinementlgorithm(eg., KL
[26] or FM [13)]) is usedto furtherimprove its quality. Experimentpresentedn [2, 19, 4, 35, 3, 9, 25] have shovn
thatmultilevel hypergraptpartitioningalgorithmscanproducesubstantiallybettersolutionsthanthoseproducedoy
non-multilevel schemes.

However, despitehesuccessf multilevel algorithmsn producingpartitioningsin whichthe cutis minimized,this
cutis notuniformly distributedacrosghedifferentsubdomainsThatis, thenumberof hyperedgethatarebeingcutby
aparticularsubdomair{referredo asthesubdomairdegreé is significantlyhigherthanthatcut by othersubdomains.

*Thiswork was supportedn partby NSFCCR-9972519E1A-9986042 ACI-9982274 ACI-0133464 andACI-0312828theDigital Technology
Centerat the University of Minnesota;andby the Army High PerformanceComputingResearchCenter(AHPCRC) underthe auspicef the
Departmentof the Army, Army ResearcH.aboratory(ARL) underCooperatie AgreementnumberDAAD19-01-2-0014. The contentof which
doesnot necessarilyreflectthe positionor the policy of the government,andno official endorsemenshouldbe inferred. Accessto researcrand
computingfacilities was provided by the Digital TechnologyCenterandthe MinnesotaSupercomputingnstitute.



4-way | 8-way | 16-way | 32-way | 64-way
ibm01 | 1.27 1.55 1.60 1.70 1.76
ibm02 | 1.35 1.35 1.43 151 1.55
ibm03 | 1.18 1.43 1.68 1.70 1.84
ibm04 | 1.28 1.35 141 1.72 2.39
ibm05 | 1.16 1.17 1.24 1.33 1.41
ibm06 | 1.22 1.46 1.46 1.50 1.63
ibm07 | 1.29 1.46 1.79 1.94 2.04
ibm08 | 1.06 1.22 1.45 1.73 2.12
ibm09 | 1.09 1.23 1.65 1.91 231
ibm10 | 1.23 1.43 1.69 1.78 1.85
ibml1l | 1.21 1.55 1.54 1.66 2.02
ibm12 | 1.26 1.47 1.72 2.10 2.15
ibm13 | 1.31 181 1.66 1.91 1.85
ibm14 | 1.20 1.47 1.46 1.63 1.96
ibm15 | 1.28 151 1.71 1.87 2.09
ibm16 | 1.22 1.39 1.45 1.70 1.84
ibm17 | 1.18 1.42 1.52 1.80 2.13
ibm18 | 1.16 1.61 2.33 2.65 2.78

Tablel: Theratiosof themaximumsubdomairdegreeover theaveragesubdomairdegreeof varioussolutionsfor the
ISPD98benchmark.

This is illustratedin Table 1 that shaws the ratios of the maximumsubdomairdegreeover the averagesubdomain
degreeof variousk-way partitioningsobtainedfor the ISPD98benchmark3] usingthe state-of-the-ahMEIS [22]
multilevel hypergraptpartitioningalgorithm. In mary casesthe resultingpartitioningscontainsubdomainsvhose
degreeis up to two timeshigherthanthe averagedegreeof theremainingsubdomains.

For mary existing andemeging applicationdn VLSI CAD, producingpartitioningsolutionsthatboth minimize
the cutandalsominimize the maximumsubdomairdegreeis of greatimportance.For example,within the context
of partitioning-driven placementsincethe maximumsubdomairdegreeof a partition (alsoknown asthe bin degree
canbe considered lower boundon the numberof routingresourceshatis required beingableto computepartitions
thatboth minimize the numberof interconnectgwhich is achiezed by minimizing the cut) andalsoevenly distribute
theseinterconnectacrossthe physicaldevice to eliminatehigh densityinterconnectegions (which is achieved by
minimizing themaximumsubdomairdegree)cansignificantlyreducethe peakdemandf routingresourcesindthus,
helpin reducingthe peakcongestior{17, 38]. Similarly, in the context of multi-chip configurationsa partitioned
designcannotbe mappednto a setof chips,if thereis a partitionthatexceedshe numberof availablel/O pins. For
example,in the multi-chip configurationshavn in Figurel, if the degreeof a subdomairexceeds20, it cannotbe
mappedo ary of the available chips. To addresghis problem,techniquesasedon pin-multiplexing have beende-
veloped6] that allov multiple signalsto gothroughthe samel/O pinsby usingtime division multiplexing. However,
thisapproachieduceshespeedatwhichthesystencanoperatgdueto timedivision) andincreasesheoverallsystem
design(dueto the extralogic requiredfor the multiplexing). However, the costsassociatedavith pin-multiplexing can
be significantlyreducedandeven eliminatedby computinga decompositiorthat significantlyreduceghe maximum
numberof 1/O pinsrequiredby ary givenpartition.

In this paperwe presenta family of hypergraptpartitioning algorithmsbasedon the multilevel paradigmthat
are capableof producingsolutionsin which both the cutandthe maximumsubdomairndegreeare simultaneously
minimized. Our algorithmstreatthe minimizationof the maximumsubdomairdegreeasa multi-objective optimiza-



Figurel: An exampleof multi-chip systemswith grid interconnectopology

tion problemthatis solved oncea high-quality cut based k-way partitioninghasbeenobtained. Toward this goal,
we presenthighly effective multi-objective refinementalgorithmsthatarecapableto producesolutionsthatexplicitly
minimize the maximumsubdomairdegreeandensurehatthe cutdoesnot significantlyincrease.This approacthas
a numberof inherentadvantagesFirst, by building upona cut-based:-way partitioning,it leverageghe hugebody
of existing researcton this topic, andit canbenefitfrom future improvements. Second becausehe initial k-way
solutionis of extremelyhigh-quality it allows thealgorithmto focuson minimizing the maximumsubdomairdegree
withoutbeingoverly concernedboutthe cutof thefinal solution.Finally, it providesa useradjustablendpredictable
framavork in which the usercanspecifyhow much(if ary) deterioratioronthe cuthe or sheis willing to toleratein
orderto reducethe maximumsubdomairdegree. We experimentallyevaluatedthe performancef thesealgorithms
onthe ISPD98[3] benchmarkandcomparedhemagainstthe solutionsproducedoy hMETS [22]. Our experimental
resultsshowv that our algorithmsare capableof producingsolutionswhosemaximumsubdomairdegreeis lower by
5% to 36% while producingcomparablesolutionsin termsof cut. Moreover, the computationatompleity of these
algorithmsis relatively low, requiringon the averageno morethantwice the amountof time requiredby hMETS in
mostcases.

Therestof the paperis organizedasfollows. Section2 providessomedefinitions,describeghe notationthatis
usedthroughouthe paper andprovidesa brief descriptionof the multilevel graphpartitioningparadigm.Section3
discusseshe variousissuesarisingwith minimizing the maximumsubdomairdegreeandformally definesthe two
multi-objective formulationsusedin this paper Sections4 and5 describethe direct and aggessivemulti-phase
refinementlgorithmsthatwe developedto simultaneouslyninimize the maximumsubdomairdegreeandthe cutof
the resultingpartitioning. Section6 experimentallyevaluatesthesealgorithmsand compareghem againsthMEeTS.
Finally, Section7 providessomeconcludingremarksandoutlinesdirectionsof futureresearch.

2 Definitions and Notation

A hypegraphG = (V, E) is asetof verticesV anda setof hyperedged’. Eachhyperedges a subsebf the setof
verticesV. Thesizeof a hyperedges the cardinalityof this subset.A vertex v is saidto beincidenton a hyperedge
e, if v € e. Eachvertex v andhyperedge hasaweightassociateavith themandthey aredenotedy w(v) andw(e),
respectrely.

A decompositiorof V' into k disjointsubsetd’;, Vs, ..., Vi, suchthat| J, V; = V is calleda k-way partitioning



of V. We will usethetermssubdomairor partition to referto eachone of thesek sets. A k-way partitioning of
V is denotedby a vector P suchthat P[i] indicatesthe partition numberthat vertex i belongsto. We saythata
k-way partitioningof V' satisfiesa balancingconstaint specifiedby [, u], wherel < w, if for eachsubdomairV/;,
I <> ey, w(v) < u. Thecutof ak-way partitioningof V' is equalto the sumof the weightsof the hyperedges
that containverticesfrom differentsubdomains.The subdomairdegreeof V; is equalto the sumof the weightsof
the hyperedgethatcontainat leastonevertex in V; and onevertexin V' — V;. Themaximunsubdomairdegreeof a
k-way partitioningis the highestsubdomairdegreeover all £ partitions.The sum-of-aternal-dgrees(abbreviatedas
SOED)of a k-way partitioningis equalto the sumof the subdomairdegreesof all the partitions. A netis saidto be
exposedw.r.t. asubdomairwhenit contritutesto its degree.

Given a k-way partitioningof VV andavertex v € V thatbelongsto partition V;, its internal degree denotedby
ID;(v) is equalto the sumof theweightsof its incidenthyperedgethatcontainonly verticesfrom V;, andits external
degreewith respecto partition V; denotedoy ED;(v) is equalto the sumof the weightsof its incidenthyperedges
whoseall remainingverticesbelongto partitionV/;.

Thek-wayhypegraphpartitioningproblemis definedasfollows. Given ahypergraplG = (V, E) andabalancing
constraintspecifiedby [I, u], computea k-way partitioningof V' suchthatit satisfiesthe balancingconstraintand
minimizesthe cut. Therequirementhatthe size of eachpartition satisfiesthe balancingconstraintis referredto as
the partitioning constaint, andthe requirementhata certainfunctionis optimizedis referredto asthe partitioning
objective

2.1 The Multile vel Paradigm for Hypergraph Partitioning

The key ideabehindthe multilevel approactfor hypergraptpartitioningis fairly simpleandstraightforvard. Mul-
tilevel partitioningalgorithms,insteadof trying to computethe partitioningdirectly in the original hypegraphfirst
obtaina sequencef successie approximation®f the original hypegraph.Eachoneof theseapproximationsepre-
sentsa problemwhosesizeis smallerthanthe sizeof the original hypegraph.This processontinuesuntil alevel of
approximations reachedn which the hypergrapltontainsonly afew tensof vertices.At this point, thesealgorithms
computea partitioningof that hypegraph. Sincethe size of this hypergraphis quite small, even simple algorithms
suchasKernighan-Lin(KL) [26] or Fiduccia-Matthgses(FM) [13] leadto reasonablygoodsolutions.Thefinal step
of thesealgorithmsis to take the partitioningcomputedat the smallesthypergraptanduseit to derive apartitioningof
theoriginalhypegraph.Thisis usuallydoneby propagatinghe solutionthroughthesuccessie betterapproximations
of thehypergraptandusingsimpleapproacheto furtherrefinethe solution.

In themultilevel partitioningterminologytheabove processs describedn termsof threephasesThe coarsening
phase in which the sequencef successiely approximatenypegraphg(coarser) is obtainedtheinitial partitioning
phase in which the smallesthypergraphs partitioned,and the uncoaseningand refinemenphase in which the
solutionof the smallesthypergraphs projectedto the next level finer graph,andat eachlevel an iterative refinement
algorithmsuchasKL or FM is usedto furtherimprovethequality of the partitioning. Thevariousphase®f multilevel
approachn the contet of hypergrapltbisectionareillustratedin Figure2.

This paradigmwas independenthstudiedby Bui andJoned8] in the context of computingfill-reducing matrix
reordering,by Hendricksonand Leland[15] in the context of finite elementmesh-partitioningand by Hauckand
Borriello[14] (calledOptimizedKLFM), andby CongandSmith[11] for hypergraplpartitioning.KarypisandKumar
extensiely studiedthis paradigmnin [23, 21, 24] for the partitioningof graphs.They presentedovel graphcoarsening
schemesndthey shavedbothexperimentallyandanalyticallythatevena goodbisectionof the coarsesgraphalone
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Figure2: The variousphaseof the multilevel hypergraphbisection. During the coarseningohase the size of the
hypergraphis successiely decreasedguringthe initial partitioningphase a bisectionof the smallerhypergraphis
computedandduringthe uncoarseningndrefinemenphasethebisectionis successiely refinedasit is projectedo
thelargerhypegraphsDuringtheuncoarseningndrefinemenphasethedashedinesindicateprojectedartitionings
anddarksolid linesindicatepartitioningsthatwereproducedafterrefinement.

is alreadya very goodbisectionof theoriginalgraph.Thesecoarseningchemesnadetheoverallmultilevel paradigm
very robustandmadeit possibleto usesimplifiedvariantsof KL or FM refinemenschemesluringthe uncoarsening
phase which significantly speededip the refinementprocesswithout compromisingoverall quality. MeTS [23], a
multilevel graphpartitioningalgorithmbaseduponthis work, routinely finds substantiallybetterpartitioningsthan
otherpopulartechniquesuchasspectral-basegartitioningalgorithms[28, 7], in a fraction of the time requiredby
them.Karypisetal [19] extendedheirmultilevel graphpartitioningwork to hypergrapipartitioning. ThehMeT'S [22]
packageontaingnary of thesealgorithmsandhave beenshavn to producehigh-qualitypartitioningsfor awide-range
of circuits.

3 Minimizing the Maximum SubdomainDegree

Therearetwo differentapproachefor computinga k-way partitioningof a hypegraph.Oneis basedn recursve bi-

sectioningandtheotherondirectk-way partitioning[18]. In recursve bisectioningtheoverall partitioningis obtained
by initially bisectingthe hypergrapho obtaina two-way partitioning. Then,eachof thesepartsis furtherbisected
to obtaina four-way partitioning,andso on. Assumingthat k is a power of two, thenthe final k-way partitioning
canbe obtainedin log(k) suchsteps(or after performingk — 1 bisections).In this approacheachpartitioningstep
usuallytakesinto accountinformationfrom only two partitions,andassuchit doesnot have sufficient information
to explicitly minimize the maximumsubdomairdegreeof the resultingk-way partitioning. In principle, additional
informationcanbe propagatedown at eachbisectionlevel to accountor the degreesof the varioussubdomainskor

example,duringeachbisectionstep,the changdn the degreesof the adjacensubdomainganbetakeninto account



(eitherexplicitly or via variationsof terminal-propagation-baseeichniqueg16]) to favor solutionsthatin addition
to minimizing the cutalsoreducethesesubdomairdegrees.However, the limitation of suchapproachess thatthey
end-upover-constainingtheproblembecausaotonly they try to reducehe maximumsubdomairdegreeof thefinal
k-way partitioning,but they alsotry to reducehe maximumdegreeof theintermediatdower-% partitioningsolutions.

For this reasonapproachedasedon direct k-way partitioning are bettersuitedfor the problemof minimizing
the maximumsubdomairdegree,asthey provide a concurentview of the entire k-way partitioningsolution. The
ability of direct k-way partitioningto optimize objectie functionsthat dependon knowing how the hyperedgesare
partitionedacrossall k£ partitionshasbeenrecognizedy variousresearchersanda numberof differentalgorithms
have been deelopedto minimize objective functionssuchas the sum-of-eternal-dgrees,scaledcost, absorption
etc [30, 5, 10, 25, 34]). Moreover, direct k-way partitioning can potentially producemuchbettersolutionsthana
methodthatcomputes k-way partitioningvia recursve bisection.In fact,in the context of acertainclasse®f graphs
it was shovn thatrecursve bisectioningcanbeupto anO(log n) factorworsethanthe optimalsolution[33].

However, despitethe inherentadvantageof direct k-way partitioningto naturally model much more comple
objectves, andthe theoreticalresultswhich suggesthatit canleadto superiorpartitioningsolutions,a numberof
studieshave shavn thatexisting direct k-way partitioningalgorithmsfor hypegraphs producesolutionsthatarein
generalnferiorto thoseproducedria recursvebisectioning30, 10, 25, 34]. Theprimaryreasorfor thatis thefactthat
computationallyefficient k-way partitioningrefinementalgorithmsare oftentrappedinto local minima, andusually
requiremuchmoresophisticate@ndexpensve optimizersto climb out of them.

To overcomeheseconflictingrequirementandcharacteristicsour algorithmsfor minimizing the maximumsub-
domaindegreecombinethe bestfeaturesof the recursve bisectioninganddirect k-way partitioningapproacheswe
achieve this by treatingthe minimization of the maximumsubdomaindegreeas a post-processingroblemto be
performedoncea high-quality k-way partitioninghasbeenobtained. Specifically we useexisting state-of-the-art
multilevel-basedechnique$19, 22] to obtainaninitial k-way solutionvia repeatedisectioningandthenrefinethis
solutionusingvariousk-way patrtitioningrefinementlgorithmsthat (i) explicitly minimizethe maximumsubdomain
degree, (ii) ensurethatthe cutdoesnot significantlyincreaseand (iii) ensurethatthe balancingconstraintsof the
resultingk-way partitioningaresatisfied.

This approachthasa numberof inherentadvantages.First, by huilding upona cut-based:-way partitioning, it
leverageghe hugebody of existing researcton this topic, andit canbenefitfrom future improvements.Secondjn
termsof cut, its initial k£-way solutionis of extremelyhigh-quality;thus,allowing usto primarily focuson minimizing
the maximumsubdomairdegreewithout being overly concernedaboutthe cutof the final solution(aslong asthe
partitioningis not significantlyperturbed).Third, it allows for a useradjustableandpredictabldramevork in which
the usercanspecifyhow much(if any) deterioratioron the cuthe or sheis willing to toleratein orderto reducethe
maximumsubdomairdegree.

To actuallyperformthemaximumsubdomain-dgreefocusedc-way refinementve developedwo classe®f algo-
rithms. Both of themtreatthe problemasamulti-objective optimizationproblembut they differ onthestartingpointof
thatrefinementThefirst algorithmcalled“Direct Multi-PhaseRefinementtirectly optimizesthe multi-objective cost
usingk-way V-cycle framewvork [19], while thesecondalgorithmcalled“Aggressie Multi-PhaseRefinementutilizes
refinementtratgjiesthat enablelarge scaleperturbation®f the solutionspace.Details on the exact multi-objective
formulationis provided in the rest of this sectionand the two refinementalgorithmsare describedn subsequent
sections.



Figure3: An examplein which the objectives of maximumsubdomairdegreeandcutarein conflict with eachother
LetssayV; is thesubdomairwith the maximumdegree.If v is moved to eitherV, or V. it will increasehe cuteither
by oneor three respectiely. However bothmoves will reducethe maximumsubdomairdegreeby two (5+3-6).

3.1 Multi-Objecti ve Problem Formulation

In generalthe objectives of producinga k-way partitioningthatbothminimizethe cutandthe maximumsubdomain
degreearereasonablywvell correlatedwith eachother as the partitioningswith low cutswill alsotendto have low
maximumsubdomairdegrees. However, this correlationis not perfect,andthesetwo objectives canactuallybe at
oddswith eachother Thatis, a reductionin the maximumsubdomairdegreemay only be achieved if the cutof
the partitioningis increased.This situationariseswith verticesthatareadjacento verticesthatbelongto morethan
two subdomains For example,considera vertex v thatbelongsto the maximumdegreepartitionV; andlet v, and
V. betwo otherpartitionssuchthatv is connectedo verticesin V;, V,, andV,.. Now, if ED,(v) — ID;(v) < 0 and
ED,(v) — ID;(v) < 0, thenthemove of v to eitherpartitionsV, or V,. will increasehe cutbut if ED,(v) + ED,(v) —
ID;(v) > 0, thenmoving v to eitherV, or V,. will actuallydecreasé’;’s subdomairdegree. Onesuchscenarias
illustratedin Figure3, in which vertex v from partition V; is connectedo verticese, y, andz of partitionsV;, V, and
V.., respectiely, andthe weightsof the respectie edgesare6, 5,and3. Moving vertex v from partitionV; to either
partitionsV;, or V,. will reducethe subdomairdegreeof V;; however, eitherof thesemoves will increasethe overall
cut of the partitioning. For example,if v movesto V,, the subdomairdegreeof V; will reducefrom 8 to 6, whereas
the overall cut will increasefrom 8 to 9. This discussiorsuggestghatin orderto develop effective algorithmsthat
explicitly minimizethemaximumsubdomairdegreeandthe cut, thesewo objectives needto becoupledtogethelinto
amulti-objective frameawork that allovs the optimizationalgorithmto intelligently selectthe preferredsolution.

The problemof multi-objective optimizationwithin the context of graphandhypergraphpartitioninghasbeen
extensvely studiedin theliterature[31, 1, 36, 29, 27] andtwo generabpproachebave been deelopedfor combining
multiple objectives. The first approachkeepsthe different objectves separateand couplesthem by assigningto
themdifferentpriorities. Essentiallyin this schemea solutionthat optimizesthe highestpriority objective the most
is always preferredandthe lower priority objectives are usedastie-brealers (i.e., usedto selectamongequialent
solutionsin termsof the higherpriority objectives). The secondapproactcreatesan explicit multi-objective function
that numericallycombineshe individual functions. For example,a multi-objective function canbe obtainedasthe
weightedgsumof theindividual objectvefunctions.In this schemethechoiceof theweightvaluess usedto determine
therelatveimportanceof thevariousobjectives.Oneof theadvantage®f suchanapproachs thatit tendsto produce
someavhatmorenaturalandpredictablesolutionsasit will prefersolutionsthatto acertainextent,optimizeall different
objectie functions.

In ouralgorithmswe usedbothof thesemethodgo combinethetwo differentobjectives. Specifically our priority-



basedschemeroduces multi-objective solutionin which themaximumsubdomairdegreeis the highestpriority ob-
jective andthe cutis thesecondighest.This choiceof prioritieswas motivatedby thefactthatwithin ourframework,
thesolutionis alreadyatalocal minimain termsof cut; thus,focusingonthemaximumsubdomairdegreeis anatural
choice.

Ourcombiningmulti-objective functioncoupleghe differentobjectives usingthe formula

Cost= a(MaximumDeree}+ Cut, D

whereMaximumDgreeis themaximumsubdomairdegree,Cutis thehyperedgeut, anda is auserspecifiedveight
indicatingtheimportanceof maximumsubdomairdegreerelativeto thecut. Selectinghepropervalue ofthisparame-
teris, in generalproblemdependentAs discusse@arlier in mary casegshemaximumsubdomairdegreecanbeonly
reducedby increasinghe overall cut of the partitioning. As aresult,in orderfor Equationl to provide meaningful
maximumsubdomairdegreereduction,« shouldbe greaterthan1.0. Moreover, sincethe cutworseningmoves that
leadto improvementsn the maximumsubdomairdegreearethosein whichthe moved verticesareconnectedo ver-
ticesof differentpartitions(i.e., cornervertices) thenthe valuea shouldbe anincreasingunctionon the numberof
partitionsk; thus,allowing for themovementof verticesthatareadjacento mary subdomaingaslongassuchmoves
reducethe maximumsubdomairdegree). The sensitvity on theseparameterss further studiedin the experiments
shavn in Section6.

In addition,in bothof theseschemesye breaktiesin favor of solutionsthatleadto lowersum-of-eternal-dgrees.
This was motivatedby thefactthatlower SOEDsolutionsmayleadto subsequenmprovementsn eitheroneof the
main objectie functions. Also, if againof themove s tied evenafterconsideringSOED, the ability of themove to
improve areabalancings consideredor tie breaking.

4 DirectMulti-Phase Refinement

Our first k-way refinementalgorithmfor the multi-objective problemformulationsdescribedn Section3.1is based
on the multi-phaserefinemenapproactimplementedy hMENS andwas initially describedn [19]. Theideabehind
multi-phaserefinemenis quite simple. It consistsof two phasesnamelya coarseningandan uncoarseninghase.
The uncoarseninghaseis identicalto the uncoarseninghaseof the multilevel hypergraphpartitioningalgorithm
[19]. Thecoarseninghasecalledrestrictedcoarsening[19], however is somavhatdifferent,asit preserestheinitial
partitioningthatis input to the algorithm. Given a hypergraphG anda partitioning P, duringthe coarseningphasea
sequencef successiely coarseihypegraphsandtheir partitioningsis constructedLet (G ;, ;) fori = 1,2,...,m,
bethesequencef hypegraphsandpartitionings.Given ahypergrapl ; andits partitioningP;, restrictedcoarsening
will collapseverticestogetherthat belongto only oneof the two partitions. The partitioning P;4.1 of the next level
coarsehypergraphz; 11 is computeddy simply inheritingthe partitionfrom G ;. By constructingz;+1 andP;; in
this way we ensurehatthe numberof hyperedgesut by the partitioningis identicalto the numberof hyperedgesut
by P; in G;.

The setof verticesto be collapsedogetherin this restrictedcoarseningschemecanbe selectedoy usingary of
the coarseningschemeghat have beenpreviously developed [19. In our algorithm, we usethe first-choice(FC)
schemd25] as our default, sinceit leadsto the bestoverall solutions[22]. The FC schemes derived by modifying
the commonlyusededge-coarseningcheme. In the edge-coarseningcheme a vertex is randomlyselectedand



it is memgedwith a highly connectedand unmatchecdheighbor The connectvity to the neighborsis estimatedoy
representingachhyperedgéy acliqueof edgesachwith theweightof w(e)/(|e] — 1) andby summingtheweights
of edgescommonto eachneighborandthe vertex in consideration.The FC coarseningschemes derived from the
edge-coarseningchemeby relaxingthe requirementhat a vertex is matchedonly with anotherunmatchedrertex.
Specifically in the FC coarseningchemetheverticesareagainvisitedin arandomorder However, for eachvertex
v, all vertices(bothmatchedandunmatchedjhatbelongto hyperedgescidentto v areconsideredandthe onethat
is connectediia theedgewith thelargestweightis matchedwith v, breakingtiesin favor of unmatchedertices.The
FC scheméendsto remove alarge amountof the exposedhyperedge-weighh successie coarsehypegraphsand
thus,malesit easyto find high-qualityinitial partitioningsthatrequirelittle refinementiuringtheuncoarseninghase.

Due to the randomizatiorin the coarseningphase successie runsof the multi-phaserefinementalgorithmcan
leadto additionalimprovementsof the partitioningsolution. For this reasonjn our algorithmwe performmultiple
suchiterationsandthe entireprocesss stoppedvhenthe solutionquality doesnotimprove in successie iterations.
Suchanapproachs identicalto the V'-cycle refinementlgorithmusedby hMETS [22].

The actual k-way partitioning refinementat a given level during the uncoarseningphaseis performedusing a
greedyalgorithmthatis motivatedby a similar algorithmusedin the direct k-way partitioningalgorithmof hMEeTS.
More preciselythe greedyk-way refinemenglgorithmworksasfollows. Considera hypergraphG = (V, E), andits
partitioningvector P. Theverticesarevisitedin arandomorder Let v besuchavertex, let P[v] = a bethepartition
thatv belongsto. If v is a nodeinternalto partitiona thenv is not moved. If v is at the boundaryof the partition,
thenwv canpotentiallybe moved to oneof the partitions N (v) thatverticesadjacento v belongto (the set N (v) is
oftenreferredto asthe neighborhoodf v). Let N’(v) bethe subsebf N (v) thatcontainsall partitionsb suchthat
movementof vertex v to partitionb doesnot violate the balancingconstraint.Now the partitionb € N ’(v) thatleads
to thegreatespositive reductionin the multi-objective functionis selectecandv is moved to thatpartition.

5 Aggressve Multi-Phase Refinement

Oneof the potentialproblemswith the multi-objective refinementlgorithmdescribedn Sectiond is thatit is limited
to the extentin which it can malke large-scaleperturbationn the initial k-way partitioning producedby the cut-
focusedrecursve-bisectioningalgorithm. This is dueto the combinationof two factors. First, the greedy non-hill
climbing natureof its refinementalgorithmlimits the perturbationghat are explored,and second sinceit is based
on an FM-derived framework, it is constrainedo make moves that do not violate the balancingconstraintof the
resultingsolution. As a result(shavn laterin our experimentgSection6)), it tendsto producesolutionsthatretain
thelow-cut characteristicef theinitial £-way solution,but it doesnot significantlyreducethe maximumsubdomain
degree.ldeally, we will like amulti-objective refinementalgorithmthatis capableof effectively exploring the entire
spaceof possiblesolutionsin orderto selectthe onethatbestoptimizesthe particularmulti-objective function.

Toward this goal, we developedtwo multi-objective refinementalgorithmsthat allons large-scaleperturbations
of the partitioningproducedy the recursve bisectioningalgorithm. Thesealgorithmsare describedn detailin the
following sections.



5.1 Bottom-Up Aggressve Multi-phase Refinement

Thefirst algorithm,referredto asbottom-upagg essivemulti-phaserefinementconsistof five major steps(outlined
in Figure4) andoperates afllows.

In the first step,given the initial k-way partitioning, the algorithm proceedgo further subdvide eachof these
partitionsinto 2! parts(where!l is a userspecifiedparameter). Thesesubdvisions are performedusing a min-cut
hypergraptpartitioningalgorithm,resultingin a high-qualityfine-grainpartitioning.During the secondstep,this 2 ! k-
way partitioningis refinedusingthe direct multi-phaserefinementalgorithmdescribedn Section4 to optimizethe
particularmulti-objective function. Eachof the resulting2 'k partitionsarethencollapsednto singlenodes thatwe
will referto themasmacio nodes

During the third step,a k-way partitioningof thesemacronodesis computedsuchthateachpartitionhasexactly
2! macronodes. The goal of this macro-nodepartitioningis to obtainaninitial partitioningthat haslow maximum
subdomairdegreeandis achieved by greedilycombiningmacronodegshatleadto the smallestmaximumsubdomain
degreeasfollows. For eachpair of macro-nodes,; andu; (¢ < j), let v; ; bethe nodeobtainedby meming u; and
uj, andlet deg(u;) anddeg(v; ;) bethe degreesof macro-node:; andmemednodev; ;, respectiely. For! = 1, the
algorithmordersall possiblemacro-nodgairsin non-increasingrderbasedn the maximumdegreeof its constituent
macro-node§.e.,for eachpairv; ; it considersnax{deg(u;), deg(u;)}) andthemacro-nodgairsthathave thesame
maximumdegreeare orderedin non-decreasingrder of their resultingdegree(i.e., for eachpair v ; ; it considers
deg(v;, ;)). Thealgorithmthentraverseghelist in thatorderto identify the pairsof unmattiedmacro-nodeso form
theinitial partitioning. As a resultof this traversalorder, the algorithmprovidesthe highestflexibility to the macro-
nodesthat have high degreeandtries to combinethem with the macro-nodeshat will leadto pairsthat have the
smallestdegree. However, for [ > 1, sincea direct extensionof suchan approachs not computationallyfeasible
(the numberof combinationghat needsto be consideredncreasesxponentiallywith ), the algorithmobtainsthe
partitioningin a bottom-upfashionby repeatediapplyingthe abose schemé times. In addition,aftereachroundof
pairings,the macro-node-ledl partitioningis furtherrefinedby applyinga pairwise macro-nodeswappingalgorithm
describedn Section5.1.1.

In the fourthstep,the quality in termsof the particularmulti-objective functionof the resultingmacro-noddevel
partitioningis improved usinga pairwise macro-nodeswappingalgorithm(describedn Section5.1.1). This algo-
rithm operatesat the macro-noddevel andselectsswo macro-nodesgachonefrom a differentpartition, andswaps
the partitionsthatthey belongsothatto improve the overall quality of the solution. Sinceby constructiongachmacro
nodeis approximatelyof the samesize,suchswapsalmostalwaysleadto feasiblesolutionsin termsof the balance
constraint.Theuseof sucharefinementlgorithmwas the primarymotivationbehindthe developmenbf theaggres-
sive multi-phasealgorithmasit allows usto move large portionsof the hypergrapltbetweerpartitionswithout having
to eitherviolate the balancingconstraintsor rely on a sequenc®f small vertex-maoves in orderto achiese the same
effect. Moreover, becausdy constructiongachmacro-nodeorrespond$o a goodcluster(asopposedo arandom
collectionof nodes)}suchswapscanindeedeadto improved quality very efficiently.

Finally, in thefifth step,the macro-nodéasedpartitioningis usedto inducea partitioningof the original hyper
graph,whichis thenfurtherimproved usingthe directmulti-phaseefinementlgorithmdescribedn Sectiord.
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5.1.1 Macro-nodePartitioning Refinement

We developedtwo algorithmsfor refining a partitioningsolutionat the macro-noddevel. The differencesetween
the two algorithmsare the methodusedto identify the pairsof macronodesto be swappedandthe policy usedin
determiningwhetheror nota particularswapwill beacceptedDetailsonthesetwo schemesreprovidedin the next
two sections.

RandomizedPair-wise Node Swapping In this schemetwo nodesbelongingto differentpartitionsarerandomly
selectecandthequality of thepartitioningresultingby their swapis evaluatedn termsof theparticulamulti-objective
function. If thatswapleadsto a bettersolution,the swapis performedptherwiseit is not. Swapsthatdo notimprove
or degradethe particularmulti-objective function are also allowed, asthey oftenintroducedesirableperturbations.
The primary motivationfor this algorithmis its low computationatompleity, andin practiceit producesrery good
results. Also, whentherearetwo nodesper subdomainthe randomizecpairwise nodeswappingcanbe donequite
efficiently by pre-computinghe cutanddegreeof all possiblepairingsandstoringthemin a 2D table. This loop-up
basedswappingtakeslessthanonesecondo evaluatethe costof onemillion swapsona 1.5 GHz workstation.

Coordinated Sequenceof Pair-wiseNode Swaps Oneof thelimitationsof the previousschemas thatit lacksthe
ability to climb out of local minimaasit doesnot allow any swapsthatdecrease¢he value ofthe objective function.
To overcomethis problem,we developeda heuristicrefinementlgorithmthatcanbe consideredin extensionof the
classicaKernighan-Linalgorithm[26] for k-way refinementhatoperates afollows.

The algorithm consistsof a numberof iterations. During eachiterationit identifiesand performsa sequence
of macro-nodeswapsthatimprove the value ofthe objective function andterminatesvhenno suchsequencean
be identified within a particulariteration. Eachof theseiterationsis performedasfollows. Let & be the number
of partitions,m the numberof macro-nodesandq = m/k the numberof macro-nodeger partition. Sinceeach
macro-node in partitionV; canbe swappedwith any macro-noddelongingto a differentpartition,thereareatotal
of m(m — ¢) possiblepairsof macro-nodeshat canbe swapped.For eachof theseswaps,the algorithmcomputes
the improvementin the value ofthe objective function (i.e., the gain) achieved by performingit, andinsertsall the
m(m — q) possibleswapsinto amax-priorityqueuebasednthis gainvalue. Thenit proceedso repeatedlyi) extract
from this queuethe macro-nodair whoseswap leadsto the highestgain, (i) modify the partitioningby performing
the macro-nodeswap, (iii) recordthe currentvalue ofthe objective function,and(iv) updatethe gainsof the macro-
nodepairsin the priority queueto reflectthe new partitioning. Oncethe priority queuebecomempty thealgorithm
determineshe pointwithin this sequencef swapsthatresultedn the bestvalue ofthe objective functionandreverts
the swapsthatit performedafterthatpoint. An outline of the singleiterationof this “hill-climb swap” algorithmis
presentedh Algorithm 1.

Due to the global natureof the maximumsubdomaindegreecost,if a macro-nodeswap changeghe value of
the maximumsubdomairdegree,the gainsof all the pairwiseswapsthat are still in the priority queueneedsto be
recomputedHowever, if aswap doesnot changehevalue ofthe maximumsubdomairdegree thenonly the gainsof
the macro-nodgairsthatcontainnodesadjacento thosebeingswappedneedto be recomputed Sinceonly a small
fraction of the swapswill endup changingthe value ofthe maximumsubdomairdegree,the costof updatingthe
priority queueis relatively small. Despitethis, sincethe algorithmneedsto evaluateall m(m — ¢) possiblepairsof
swaps,its runtimecompleity is significantlyhigherthanthatof therandomizegswappingalgorithm.

It is easyto seethatthis algorithmis quite similarin spirit to the Kernighan-Linalgorithmwith the key difference
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Algorithm 1 Hill-climbing algorithmfor identifying a sequencef pairwise macronodeswapsto reachalower cost

Computeinitial gainvaluesfor all possiblepairs
Insertthemin a priority queue

while Pairsexist in priority queuedo
Popthehighestgainpair
Make the swap
“Lock” thepair

if Costis minimumthen
Recordroll backpoint
Recordnewv minimumcost
endif

if Maximumsubdomairdegreechangedhen
Updatethe gainvaluesof all pairsremainingin priority queue.
else
Updatethe gainvaluesof affectedpairsremainingin priority queue.
end if
end while

Roll backto minimumcostpoint(i.eundoall swapsafterthe minimumcostpointin reverseorder)

beingthatthe priority queuestoregheeffect of a pairwisemacro-nodeswap asopposedo theeffect of asinglevertex
move. This swapping-basesdiew allows this algorithmto operatefor anarbitrarynumberof partitionsk.

5.2 Top-Down Aggressve Multi-Phase Refinement

Thekey parametenf the aggressie refinemenschemedescribedn Section5.1is the value ofl, which controlsthe
granularityof themacro-nodethatareused.Theeffectivenes®f theoverallrefinemenapproacttanbeaffectedboth
for smallaswell aslargevaluesof /. Smallvaluesmayleadto large macro-nodesvhoseswapsdo notimprove the
guality, whereadarge valuesmayleadto smallmacro-nodethatrequirea coordinatedsequencef swapsto achiere
the desiredperturbationsMoreover, large valuesof | have the additionaldravbackof increasinghe overall runtime
of thealgorithmasit requireamoretime to obtaintheinitial clustersandmorerefinementime.

In developingthe bottom-upaggressie multi-phaserefinementalgorithmwe initially expectedthat its perfor
mancewill continueto improve aswe increasethe value of/, until the point at which the size of the macro-nodes
will becomesosmallsothatthis macro-noddasedartitioningdoesnot provide ary advantage®ver theunclustered
hypegraph.Ourexperimentatesults(presentedhterin Sectiong) partially verifiedthis intuition but alsoshavedthat
the point afterwhich we obtainno improvementss actuallymuchhigherfrom whatwe hadexpected.In particular
our resultswill shawv thatas! increasegrom zeroto two, the bottom-upschemecan achieve progressiely better
results but its performancdor [ > 3 is actuallyworsethanthatfor [ = 2. In analyzingthis behaior we realizedthat
thereis anothemparametethat affectsthe effectivenesof this schemeandhasto do with the bottom-upnatureof the
k-way partitioningthatis computedn thethird stepof thealgorithm.

Recallfrom Section5.1thatfor [ > 1 the k-way macro-nodepartitioningis computedby repeatedlymeiging
successiely larger partitions,followed by a swapping-basedefinement.For example,when! = 3, we first merge
pairs of macro-nodeso obtaina 4k-way partitioning, then meige thesepartitionsto obtaina 2k-way partitioning,
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andfinally obtainthe desiredk-way partitioningby meging these2k partitions. Moreover, betweenthesemeiging

operationsve applythe swap-basedefinemento optimizethe overall quality of the4k-, 2k-, andk-way partitioning.

The problemwith this approacharisesfrom the fact that aswe move from the 84 macro-nodeso a 4k-, 2k-, and

k-way partitioningwe optimizetheintermediatesolutionssothatthey minimizetheirrespectre maximumsubdomain
degree. However, the maximumsubdomaindegreeat the 4k-way (or 2k-way) partitioninglevel may not directly

affect the maximumsubdomaindegreeat the desiredk-way partitioninglevel. In fact, dueto the heuristicnature
of therefinemenstratgyies, the factthat theseintermediatenaximumsubdomairdegreeshave beenoptimizedmay

reduceour ability to obtainlow maximumsubdomairdegreesat the k-way level. Thus,aninherentproblemwith the

bottom-upschemas thefactthatit endsup spendingalot of timerefiningintermediatesolutionsthatmaynotdirectly

or indirectly benefitour ultimate objective, which is to obtaina k-way partitioning that minimizesthe maximum
subdomairdegree.

Having taken cognizanceof this phenomenonwe devised anotheraggressie multi-phaserefinementalgorithm
thatemploys a top-dovn framework, which allows it to alwaysoptimizethe objective functionwithin the context of
the k-way partitioningsolution. The overall structureof the algorithmis shovn in Figure5 andsharegnary of the
characteristicef the bottom-upalgorithm.In particular the lasttwo stepsof thesealgorithmsareidenticalanddiffer
only in thefirst threestepsput of which thethird steprepresentthe key conceptuatlifference.

Thetop-dovn algorithmstartsby computinga k-way partitioningthat minimizesthe cutusingrecursve bisec-
tioningandit furtherrefinesthe solutionusingthedirectmulti-phaseaefinementlgorithmof Section4 thattakesinto
consideratiorthe multi-objective natureof the problem. During the third stepit performsi levels of aggessivere-
finementby repeatedlycreatingmacro-nodeandswappingthembetweerthe k partitions.Specifically duringtheith
refinementevel, it splitseachoneof the k partitionsinto 2¢ sub-partitiongresultingin atotal of 2°k sub-partitions),
createmamacronodefor eachsub-partitionandoptimizesheoverall k-way solutionby applyinga swap-basednacro-
noderefinementalgorithm(Section5.1.1). Note that the initial macro-node-leel k-way partitioningis obtainedby
inheriting the currentk-way partitioning of the hypeigraph. Sincethis approachalways focuseson optimizing the
solutionat the k-way partitioninglevel, it doesnot suffer from the limitations of the bottom-upscheme.Moreover,
as! increasesthis schemeconsidersfor swappingsuccessiely smallermacro-nodeswhich allows it to perform
large-scalgerturbationgt multiple scalegasit was the casewith the bottom-upscheme).

6 Experimental Results

We experimentallyevaluatedour multi-objectie partitioningalgorithmson the 18 hypegraphsthat are part of the
ISPD98circuit partitioningbenchmarlsuite[3] (with unit area). The characteristicef thesehypegraphsareshovn
in Table2. For eachof thesecircuits, we computeda 4-, 8-, 16-, 32-,and 64-way partitioning solution usingthe
recursve bisection-basegartitioningroutineof hMEeTS 1.5.3[22] andthe variousalgorithmsthatwe developedfor
minimizingthe maximumsubdomairdegree. The hMETS solutionswereobtainedoy usinga49-51bisectionbalance
constrainendhMETS’s default setof parametersSincethesebalanceconstraintarespecifiedat eachbisectionlevel,
thefinal k-way partitioningmayhave asomevhathigherloadimbalance.To ensurghatthe resultsproduceddy our
algorithmcanbe easilycomparedagainsthoseproducediy hMETS, we usedthe resultingminimumandmaximum
partitionsizesobtainedoy hMENS asthe balancingconstraintfor our multi-objective k-way refinementlgorithm.
The quality of the solutionsproducedy our algorithmandthoseproducedoy hMETIS wereevaluatedby looking
at threedifferentquality measureswhich arethe maximumsubdomairdegree,the cut, andthe averagesubdomain
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Benchmark| No. of vertices| No. of hyperedges
ibm01 12506 14111
ibm02 19342 19584
ibmO03 22853 27401
ibm04 27220 31970
ibmO05 28146 28446
ibm06 32332 34826
ibm07 45639 48117
ibm08 51023 50513
ibm09 53110 60902
ibm10 68685 75196
ibm11 70152 81454
ibm12 70439 77240
ibm13 83709 99666
ibm14 147088 152772
ibm15 161187 186608
ibm16 182980 190048
ibm17 184752 189581
ibm18 210341 201920

Table2: Thecharacteristicef the hypegraphausedto evaluateour algorithm.

degree. To ensurethe statisticalsignificanceof our experimentalresults,thesemeasuresvere averagedover ten
differentrunsfor eachparticularsetof experiments.

Furthermoredueto spaceconstraintspur comparisonggainsthiMelS are presentedn a summaryform, which
shaws the relatve maximum subdomaindegree (RMay, relative cut (RCud, andrelatve averagedegree (RDeg)
achieved by our algorithmsover thoseachiezed by hMETS recursve bisectionaveragedover the entire set of 18
benchmarksTo ensurehe meaningfulaveragingof theseratios,we first took theirlog ,-values calculatedheir mean
1, andthenused2# astheir average.This geometriomeanof ratiosensureghatratioscorrespondingo comparable
degradation®r improvementgi.e., ratiosthatarelessthanor greatethanone)aregiven equalimportance.

6.1 DirectMulti-Phase Refinement

Ourfirst setof experimentsvas focusedon evaluatingthe effectivenesof the directmulti-phaseaefinementlgorithm
describedn Sectiond. Towardthis goalwe performeda seriesof experimentausingbothformulationsof the multi-

objective problemdefinition describedn Section3.1. The performanceachieved in theseexperimentsrelative to

thoseobtainedby hMETIS’s recursve bisectioningalgorithmis shavn in Table 3. Specifically this table shows four
setsof results. Thefirst setusesthe priority-basednulti-objectve formulationwhereaghe remainingthreesetsuse
Equationl to numericallycombinethe two differentobjectives. The objectives were combinedusingthreedifferent
valuesof «,, namely1, 2, andk (wherek is the numberof partitionsthatis computed).

Theresultsof Table3 show thatirrespectve of the numberof partitionsor the particularmulti-objectve formula-
tion, thedirectmulti-phaseefinementlgorithmproducesolutionswhoseaverageguality alongeachoneof thethree
differentquality measuress betterthanthe correspondingolutionsproducedby hMETS. As expected the relative
improvementsare higherfor the maximumsubdomairdegree. In particular dependingdon the numberof partitions,
the direct multi-phaserefinementalgorithmreduceshe maximumsubdomairdegreeby 5% to 15%. The relative
improvementsncreaseasthe numberof partitionsincreasepecauseasthe resultsin Table1 shoved, thesearethe
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Prioritized Combineda =1 Combineda = 2 Combinedo = &
RMax | RCut | RDeg | RMax | RCut | RDeg | RMax | RCut | RDeg | RMax | RCut | RDegy
0.955 | 0.981| 0.948| 0.940 | 0.967| 0.934| 0.928 | 0.964| 0.931| 0.929| 0.967| 0.934
0.890 | 0.967 | 0.913| 0.877 | 0.947| 0.892| 0.886 | 0.952| 0.897| 0.881| 0.959| 0.906
0.884 | 0.969| 0.898| 0.876 | 0.958| 0.886| 0.886 | 0.965| 0.894| 0.886| 0.966| 0.894
0.865 | 0.967 | 0.886| 0.874 | 0.959| 0.874| 0.871| 0.963| 0.877| 0.870| 0.964| 0.878
0.851 | 0.970| 0.880| 0.864 | 0.966| 0.872| 0.876 | 0.970| 0.875| 0.859| 0.969| 0.875

D WK
#Nmmhw

Table3: DirectMulti-PhaseRefinemenResults RMax RCut andRDey aretheaveragamaximumsubdomaimegree,
cut,andaveragesubdomairdegree respectiely of the multi-objective solutionrelative to hMENS. Numberdessthan
oneindicatethatthe multi-objective algorithmproducessolutionsthat have lower maximumsubdomairdegree,cut,
or averagesubdomairdegreethanthoseproducedy hMETS.

partitioningsolutionsin which themaximumsubdomairdegreeis significantlyhigherthantheaverageandthusthere
is significantlymoreroomfor improvement.

Furthermorethedirectmulti-phaseaefinementlgorithmalsoleadsto partitioningsthatonthe averagehave lower
cutandaveragesubdomairdegree.Specifically the cuttendstoimprove by 1%to 4%, whereasheaveragesubdomain
degreeimproves by 5% to 13%. Finally, comparingthe differentmulti-objective formulationswe can seethatin
generalthereareveryfew differencedetweerthem,with bothof themleadingto comparablesolutions.

6.2 Aggressve Multi-Phase Refinement

Ourexperimentakvaluationof theaggressie multi-phaseaefinemenschemegdescribedn Sections) focusedalong
two directions.First, we designeda setof experimentgo evaluatethe effectivenesof the macro-node-lteel partition-
ing refinementlgorithmsusedby theseschemeandsecondwe performeda seriesof experimentshatweredesigned
to evaluatethe effectivenesof the bottom-upandtop-davn schemesvithin the context of aggressie refinement.

6.2.1 Evaluation of Macro-nodePartitioning RefinementAlgorithms

To directly evaluatetherelative performancef thetwo refinemenalgorithmsdescribedn Sections.1.1we performed
aseriesof experimentsisinga simpleversionof theaggressie refinemenschemesSpecifically we computeda 2 k-
way partitioning,collapsedeachpartitioninto amacronode andobtainedaninitial k-way partitioningof thesemacro
nodesusinga randomassignment.This initial partitioningwas thenrefinedusingthe two macro-nodepartitioning
refinementalgorithms—randomizegwap and hill-climbing swap. This experimentwas performedfor eachone of

thecircuitsin our benchmarlsuiteandthe overall performancechieved by thetwo algorithmsfor £ = 8,16, 32 and
[ = 1,2 relative to thoseobtainedoy hMEIIS’s recursve bisectioningalgorithmis shavn in Table4. Notethatfor this

setof experimentsthetwo objectives of maximumsubdomairdegreeandcutwerecombinedusinga priority scheme,
which usesthe minimizationof the maximumsubdomairdegreeasthe primaryobjectie.

Fromtheseresultswe canseethatcontraryto ourinitial expectationsthe hill-climbing algorithmdoesnotoutper
form therandomizedandomized-sappingalgorithmfor all threeperformancenetrics. Specifically in termsof the
cut (RCut) andthe averagedegree(RDeg), the hill-climbing algorithmis superiorto the randomizedalgorithm. For
example,for [ = 2 both of thesemeasuregareover 10% betterthanthe correspondingneasuresor the randomized
algorithm. However, in termsof the maximumsubdomairdegree(measuredby RMax), the hill-climbing algorithm
provideslittle advantage.In fact, its overall performances slightly worsethanthe randomizedgscheme—leadintp
solutionswhosemaximumsubdomairdegreeis about1%to 3% higherfor [ = 1 andi = 2, respectiely.
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Randomizedswap
=1 =2
k | RMax | RCut | RDegg | RTime | RMax | RCut | RDeg | RTime
8 | 0.953| 1.001| 1.005| 1.979 | 0.999 | 1.113| 1.137| 2.201
16 | 0.930 | 1.018| 1.027 | 1.931 | 0.917| 1.127| 1.174| 2.321
32| 0905 | 1.017| 1.036| 1.883 | 0.845| 1.112| 1.168| 2.323

Hill-climb Swap
=1 =2
k | RMax | RCut | RDegg | RTime | RMax | RCut | RDeg | RTime
8 | 0.956 | 0.995| 0.993| 1.710 | 0.970| 1.032| 1.038| 2.830
16 | 0.948 | 1.016| 1.021| 2.273 | 0.943| 1.031| 1.039| 15.577
32| 0.921 | 1.007| 1.014 | 12.900| 0.913| 1.022| 1.035| 549.267

Table4: Analysisof randomizedrs hill-climb swapping.

Themixedperformancef the hill-climbing algorithmandits inability to producesolutionsthathave lower maxi-
mumsubdomairmdegreesuggesthatthistypeof refinemenmaynotbewell-suitedfor the step-naturef themaximum
subdomairdegreeobjective. Sincetherearerelatively few macro-nodewapsthataffectthe maximumsubdomairde-
gree,the priority queueusedby the hill-climbing algorithmforcesit to orderthe moves basedon their gainswith
respecto the cut(asit is the secondarpbjective). Becauseof this, this refinements very effective in minimizing
RCutandRDgy hut it doesnot affect RMax. In fact, asthe resultssuggestthis emphasison the cutmay affect the
ability of subsequergwapsto reducethe maximumsubdomairdegree.To seeif thisis indeedthe casewe performed
anothersequencef experimentsn which we modifiedtherandomizedalgorithmsothatto performthe moves using
the samepriority-queue-baseapproactusedby the hill-climbing schemendterminatedeachinneriterationassoon
asthe priority queuecontainechegative gainvertices(i.e., it did notperformary hill-climbing). Our experimentgnot
presentedhere)shaved that this schemeproducedresultswhoseRMax was worsethanthat of the randomizedand
hill-climbing approachebut its RCutandRDeg werebetweerthoseobtainedoy therandomizedandthehill-climbing
schemes—erifying ourhypothesishatdueto thesomeavhatconflictingnatureof thetwo objectves,agreedyordering
schemealoesnot necessarilyeadto betterresults.

The columnsof Table4 labeled“RTime” showvs the amountof time requiredby the two refinemenitalgorithms.
As expectedthe randomizedalgorithmis fasterthanthe hill-climbing algorithmandits relative runtime advantage
improves as the numberof macro-nodefcreasesDueto the mixed performancef the hill-climbing algorithmand
its considerably highecomputationatequirementgor large valuesof [, our subsequengxperimentsusedonly the
randomizedefinementlgorithm.

6.2.2 Evaluation of Bottom-up and Top-down Schemes

Table5 shavs the performancechiered by the bottom-upandtop-davn aggressie multi-phaserefinemenschemes
forl=1,...,3,andk = 4,8, ..., 64 relative to thoseobtainedby hMETS’s recursve bisectioningalgorithm. Specif-
ically, for eachvalue ofl andk, this tableshavs four setsof results.Thefirst two sets(onefor the bottom-upand one
for thetop-davn scheme)vere obtainedusingthe priority-basednulti-objective formulationwhereaghe remaining
two setsusedthe combiningscheme.Due to spaceconstraintswe only presentresultsin which the two objectives
werecombinedusinga = k.

From theseresults,we canobsene anumberof generaltrendsaboutthe performanceof the aggressie multi-
phaseefinemenschemeandtheir sensitvities to thevariousparametersn particulay as! increase¢rom oneto two
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Prioritized Combineda = k
Bottom-Up Top-Down Bottom-Up Top-Down
k | RMax | RCut | RDeg | RMax | RCut | RDeg | RMax | RCut | RDeg | RMax | RCut | RDey
4 | 0927 | 0.990| 0.958 | 0.911 | 0.956| 0.929| 0.904 | 0.972| 0.941| 0.897| 0.957| 0.927
8 | 0.838 | 0.995| 0.945| 0.849 | 0.960| 0.918| 0.834| 0.992| 0.943| 0.830| 0.968| 0.921
16 | 0.787 | 1.005| 0.942| 0.811| 0.980| 0.928| 0.795| 1.000| 0.935| 0.812| 0.991| 0.934
32| 0.754 | 0.993| 0.923| 0.762 | 0.984| 0.913| 0.758 | 0.991| 0.917| 0.795| 0.989| 0.921
64 | 0.724 | 0.996 | 0.916| 0.738 | 0.988| 0.910| 0.721 | 0.993| 0.905| 0.749| 0.992| 0.911
=2
Prioritized Combineda = k
Bottom-Up Top-Down Bottom-Up Top-Downn
k | RMax | RCut | RDeg | RMax | RCut | RDeg | RMax | RCut | RDeg | RMax | RCut | RDey
4 | 0.938| 1.021| 0.991| 0.901 | 0.943| 0.917| 0.905| 0.992| 0.963| 0.883| 0.956| 0.924
8 | 0.825 | 1.046| 1.004| 0.822 | 0.964| 0.922| 0.814| 1.041| 1.001| 0.806| 0.974| 0.926
16 | 0.749 | 1.049| 1.008 | 0.761 | 0.997| 0.943| 0.751| 1.048| 1.003| 0.761| 1.013| 0.952
32| 0.693 | 1.041| 0.991| 0.704 | 1.000| 0.936| 0.689 | 1.033| 0.976| 0.728| 1.017| 0.945
64 | 0.654 | 1.040 | 0.983| 0.664 | 1.007| 0.934| 0.652 | 1.041| 0.974| 0.704| 1.018| 0.937
=3
Prioritized Combinedo = k
Bottom-Up Top-Down Bottom-Up Top-Downn

RMax | RCut | RDeg | RMax | RCut | RDeg | RMax | RCut | RDeg | RMax | RCut | RDegy
1.007 | 1.121| 1.091| 0.899 | 0.953| 0.927| 0.950| 1.058| 1.029| 0.877| 0.950| 0.919
0.848 | 1.119| 1.088 | 0.815| 0.974| 0.931| 0.842 | 1.109| 1.073| 0.796| 0.982| 0.934
0.759 | 1.101| 1.070| 0.748 | 1.000| 0.945| 0.754 | 1.077| 1.034| 0.759| 1.022| 0.966
0.697 | 1.095| 1.059| 0.682 | 1.006| 0.943| 0.700 | 1.064| 1.010| 0.722| 1.023| 0.954
0.701 | 1.100| 1.052| 0.645| 1.012| 0.941| 0.663 | 1.066| 1.006| 0.683| 1.024| 0.945

D WKk
hwmoo.hw

Table5: Aggressve Multi-PhaseRefinemenResults.RMax RCut andRDey arethe averagemaximumsubdomain
degree,cut, andaveragesubdomairdegree,respectrely of the multi-objective solutionrelative to hMENS. Numbers
lessthan one indicatethat the multi-objective algorithm producessolutionsthat have lower maximumsubdomain
degree,cut, or averagesubdomairdegreethanthoseproducedy hMETS.

(i.e., eachpartitionis further subdvidedinto two or four parts),the effectivenessf the multi-objective partitioning
algorithmto producesolutionsthat have lower maximumsubdomairdegreecomparedo the solutionsobtainedby
hMETS, improves.In generalfor [ = 1, themulti-objective algorithmreduceshemaximumsubdomairdegreeby 7%
to 28%, whereador | = 2, the correspondingmprovementsangefrom 6% to 35%. However, theseimprovements
leadto solutionsin which the cutandthe averagesubdomairdegreeobtainedfor I = 2 are someavhat higherthan
thoseobtainedfor [ = 1. For example,for [ = 1, the multi-objective algorithmis capableof improving the cut
over hMETS by 0% to 4%, whereador [ = 2, the multi-objective algorithmleadsto solutionswhosecutis upto 5%
worsethanthoseobtainedoy hMETS. Note thattheseobserationsareto a large extentindependentf the particular
multi-objective formulationor the methodusedto obtaintheinitial macro-node-tegl partitioning.

For thereasongliscussedh Section5.2,thetrendof successie improvementsn the maximumsubdomairdegree
doesnot hold for the bottom-upschemeary morefor [ = 3. In particulat the improvementsin the maximum
subdomairdegreerelative to hMeTS arein therangeof 0%—-35% which aresomevhatlower thanthe corresponding
improvementdor | = 2. On the otherhand,thetop-dovn schemas ableto furtherreducethe maximumsubdomain
degreewhen! = 3, leadingto resultsthatare10%to 36% lower thanthe correspondingesultsof h(METS. Notethat
this trendcontinuedor highervaluesof [ aswell (dueto spaceconstraintgheseresultsarenotreportedhere). These
resultssuggesthatthetop-davn schemas betterthanthe bottom-upscheméor largevaluesof [. However, a closer
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Direct Scheme Aggressie Schemes
Bottom-Up Top-Down
k l=1|1=2|1=3|1l=1|1=2|1=3
4 1.431 2.081| 2.794| 3.809| 2.139| 3.374| 5.785
8 1.399 2,151 | 2.990| 3.924| 2.505| 3.520| 5.561
16 1.397 2.029| 3.018| 3.584| 2.355| 3.462| 5.418
32 1.450 2.018 | 2.763| 3.599| 2.548| 4.078| 5.627
64 1.535 2.060| 3.067 | 4.522| 2.979| 4.025| 6.103

Table6: Theamountof time requiredoy the multi-objective algorithmsrelative to thatrequiredby hMETS.

inspectionof the resultsrevealsthatfor [ = 1 and! = 2 andlarge valuesof k, the bottom-upschemeactuallyleads
to solutionsthanaresomavhatbetterthanthoseobtainedoy the top-davn schemeWe believe thatthis is dueto the
factthatfor smallvaluesof [, the macro-nod@airingschemeausedby the bottom-upschemeo derive themacro-node
level k-way partitioning (thattakesinto accountall possiblepairingsof macro-nodes)is inherentlymore powerful
thanmacro-node-teel refinemenusedby thetop-davn schemeThis becomesnoreevidentfor largevaluesof k, for
whichthereis considerablynoreroomfor alternatepairings—resultingn relatively betterresults.

6.3 Comparisonof Directand Aggressve Multi-phase RefinementSchemes

Comparingthe resultsobtainedby the aggressie multi-phaserefinementwith the correspondingesultsobtainedby
the direct multi-phaserefinementalgorithm (Tables5 and 3), we canseethatin termsof the maximumsubdomain
degree theaggressie schemdeadsto substantiallbettersolutionsthanthoseobtainedy thedirectschemewhereas
in termsof the cutandtheaveragesubdomairdegree thedirectschemaes superior Theseresultsarein agreementvith
the designprinciplesbehindthesetwo multi-phaseefinemenschemedor the multi-objective optimizationproblem
at hand,andillustrate that the formeris capableof makingrelatively large perturbationon the initial partitioning
obtainedby recursve bisectioningaslong astheseperturbationgmprove themulti-objective function. In generalthe
aggressie multi-phaseefinemenschemaewith | = 1, dominateghedirectschemeasit leadsto betterimprovements
in termsof maximumsubdomairdegreeandstill improves over hMETS in termsof cutandaveragedegree.However,
if the goalis to achieve the highestreductionin the maximumaveragedegree thentheaggressie schemewith [ = 2
shouldbethe preferredchoice,asit doesso withrelatively little degradatioronthecut.

6.4 Runtime Complexity

Table 6 shavs the amountof time requiredby the variousmulti-objective partitioningalgorithmsusingeither direct
or aggressie multi-phaserefinement.For eachvalue ofk andparticularmulti-objective algorithm,this table shavs
the total amountof time thatwas requiredto partitionall 18 benchmarkselative to the amountof time requiredby
hMETIS to computethe correspondingartitionings.Fromtheseresultswe canseethatthe multi-objective algorithm
thatusesthedirectmulti-phaseaefinements theleastcomputationallyexpensve andrequiresarounds0% moretime
thanhMETS does.Ontheotherhand thetimerequiredby theaggressie multi-phaseaefinemenschemes somevhat
higherandincreasesvith thevalue ofl. However, even for theseschemestheir overall computationatequirements
arerelatively small. For instancejn the caseof the bottom-upschemefor [ = 1 andi = 2 (thecasesn whichit led
to the bestresults)it only requirestwo andthreetimes moretime thanhMEeIS, respectiely; andin the caseof the
top-dowvn schemats runtimeis two to six timeshigherthanthatof hMETS as! increase$rom oneto three.
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7 Conclusions

In this paperwe describeda family of multi-objective hypergraptpartitioningalgorithmsfor computingk-way par
titioningsthat simultaneouslyninimize the cutandthe maximumsubdomairdegreeof the resultingpartitions. Our
experimentakvaluationshavedthatthesealgorithmsarequite effective in optimizingthesetwo objectves with rela-
tively low computationafequirementsThekey factorcontrikutingto the succes®f thesealgorithmswas theidea of
focusingonthemaximumsubdomairdegreeobjective onceagoodsolutionwith respecto the cuthasbeenidentified.
We believe thatsucha framavork canbe appliedto a numberof othermulti-objective problemsinvolving objectives
thatarereasonablyvell-correlatedvith eachother

Themulti-objectve algorithmspresentedherecanbeimproved furtherin anumberof directions.In particular our
resultsshavedthattheaggressie multi-phaseaefinementapproachespeciallywhendeployedin atop-dovn fashion,
is very promisingin reducingthe maximumsubdomairdegree.Within this framework, our experimentgevealedthat
dueto thestep-naturef themaximumsubdomaimegreeobjectie, thehill-climbing macro-nodeefinemenalgorithm
is not significantly more effective than the randomizedswappingalgorithmin reducingthe maximumsubdomain
degree. Developingcomputationallyscalablerefinementalgorithmsthat cansuccessfullyclimb out of local minima
for this type of objectives is still an openresearctproblemwhosesolutioncanleadto even betterresultsboth for
the partitioningproblemaddresseth this paperaswell asotherobjective functionsthatsharesimilar characteristics.
Also, ourwork sofar wasfocusedon producingmulti-objective solutionswhich satisfythesamebalancingconstraints
asthoseresultingfrom the initial recursve bisectioningbasedsolution. However, additionalimprovementscanbe
obtainedby relaxingthelower-boundconstraint Our preliminaryresultswith suchanapproactappearpromising.
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